Abstract. In this paper, we consider two case examples of Dirac-Born-Infeld (DBI) generalizations of canonical large-field inflation models, characterized by a reduced sound speed, c S < 1. The reduced speed of sound lowers the tensor-scalar ratio, improving the fit of the models to the data, but increases the equilateral-mode non-Gaussianity, f equil.
equil.
NL , which the latest results from the Planck satellite constrain by a new upper bound. We examine constraints on these models in light of the most recent Planck and BICEP/Keck results, and find that they have a greatly decreased window of viability. The upper bound on f equil. NL corresponds to a lower bound on the sound speed and a corresponding lower bound on the tensor-scalar ratio of r ∼ 0.01, so that near-future Cosmic Microwave Background observations may be capable of ruling out entire classes of DBI inflation models. The result is, however, not universal: infrared-type DBI inflation models, where the speed of sound increases with time, are not subject to the bound.
Introduction
Inflationary cosmology [1] [2] [3] [4] [5] [6] [7] remains a uniquely successful phenomenological framework for understanding the origins of the universe, making quantitative predictions which current data strongly support [8] [9] [10] [11] [12] . Inflation relates the evolution of the universe to one or more scalar inflaton fields, the properties of which dictate the dynamics of the period of rapidly accelerating expansion which terminates locally in a period of reheating, followed by radiationdominated expansion. The specific form of the potential for the inflaton field or fields is unknown, but different choices of potential result in different values for cosmological parameters, which are distinguishable by observation [13, 14] . Recent data, in particular the Planck measurement of Cosmic Microwave Background (CMB) anisotropy and polarization [15] [16] [17] and the BICEP/Keck measurement of CMB polarization [18] now place strong constraints on the inflationary parameter space, and falsify many previously viable inflationary potentials, including some of the simplest and most theoretically attractive models.
A particular class of models now known to be in conflict with CMB data is so-called "large-field" potentials, canonical scalar field models with field excursion during inflation ∆φ ≥ M P , where M P ≡ m Pl / √ 8π is the reduced Planck mass. Such models predict a tensor scalar ratio r ∼ O(0.1) [19] , which conflicts with an upper bound from CMB data of r < 0.066 [20] . This is a result of the steepness of the potential, with
where is a parameter related to the equation of state during inflation, and is set by the first derivative of the potential during slow-roll inflation,
where a prime represents a derivative with respect to the field φ. Large-field models generically have potentials steep enough that ∼ O(0.01), resulting in the overproduction of tensors. An example is a quadratic potential, V (φ) = m 2 φ 2 , which produces tensor/scalar ratio r ∼ 0.15, and is therefore ruled out by Planck/BICEP/Keck [20] . (Previous work [21, 22] has considered the effect of a lower bound on r on the speed of sound inflationary model building. In this paper, we consider the effect of an upper bound, consistent with current constraints.)
The simplest way to reconcile single-field inflation with CMB data is to choose "smallfield" potentials, for which ∆φ M P during inflation. An example is hilltop-type inflation models [23] [24] [25] [26] [27] [28] [29] , for which V (φ) → 0 near the inflationary fixed-point and r 0.1, or plateau-type models such as Starobinsky inflation [1, 30] . Another, less-studied alternative is to consider non-canonical generalizations of large-field inflation models [31, 32] . If we take a general non-canonical Lagrangian L (X, φ), where
is the standard canonical kinetic term, the speed of sound is no longer generically equal to the speed of light, but is given by
where a subscript indicates a derivative, L X ≡ δL/δX. This affects inflationary observables, in particular the tensor/scalar ratio, which generalizes for non-canonical Lagrangians to 5) so that, for c S 1, tensors are suppressed even for large , and large-field models can be made consistent with CMB limits [32] despite the steepness of the potential.
Tensor suppression from non-canonical kinetic terms comes at a price, however. A small sound speed generates equilateral-mode non-Gaussianity in CMB fluctuations, with
The Planck CMB data place a strong upper bound on non-Gaussianity, with a 1σ constraint on the equilateral mode of [33] This means that there is a limit on how much tensor suppression can be achieved before violating the bound on non-Gaussianity, since smaller c S means larger f equil. NL [21] . In this paper, we revisit calculations of tensor suppression fron non-canonical terms in power-law inflation [31] and "isokinetic" generalizations of quadratic large-field inflation models [32] , and derive new lower bounds on the tensor/scalar ratios for these cases. We find that the ultraviolet-type Dirac-Born-Infeld (DBI) models and isokinetic models are compatible with Planck bounds on both r and f equil. NL in both cases, but with a lower bound on the tensor/scalar ratio of r ∼ 0.01, a figure within reach of near-future CMB experiments. Thus, next-generation CMB observations may rule out not only canonical large-field models, but classes of non-canonical generalization as well. Infrared-type DBI models are not subject to the bound.
The paper is organized as follows: In Sec. 2, we review canonical scalar field theories for inflation as described by the useful horizon flow formalism [34] , and the generalization of the flow equations to non-canonical theories [35] . In Sec. 3 we discuss observational limits on non-canonical generalizations of power-law inflation models, in Sec. 4 we discuss the corresponding limits on isokinetic generalizations to quadratic large-field models, and in Section 5 we discuss the general slow-roll case. Section 6 presents summary and conclusions.
Inflation from Scalar Fields
In this section we review the useful horizon flow formalism for canonical and non-canonical scalar field Lagrangians [34, 35] .
Canonical Scalar Fields
We first consider canonical scalar field theories. Take a real scalar field φ, with canonical action
where g µν is a flat Friedmann-Robertson-Walker (FRW) metric,
The associated equation of motion of the field is then
where an overdot represents a derivative with respect to coordinate time t, and the Hubble parameter H is defined as
with equations of motion
and
Inflation is defined as a period of accelerating expansion,ä > 0, which occurs for the case of a slowly rolling field,φ V (φ). If the field evolves monotonically in time, we can write the scale factor a(φ) and Hubble Parameter H(φ) as functions of the field φ rather than time. Equations (2.3), (2.5) and (2.6) can then be re-written exactly in the Hamilton-Jacobi form,
We then define the horizon flow parameters as an infinite succession of functions of H(φ) and its derivatives with respect to φ [34, 36] ,
where = 2, ..., ∞ is an integer index. From these parametric definitions we obtain a set of canonical flow equations [34] ,
Where N represents the number of e-folds of inflation, a ∝ e −N , or
and we can write the first slow roll parameter as
Quantum fluctuations in the inflationary universe produce scalar and tensor metric perturbations with an approximately power-law form (see, e.g., Ref. [37] for a review),
While the scalar spectral index n S is defined as
The scalar fluctuation amplitude is a free parameter, and we define the tensor/scalar ratio r as
We are particularly interested in r and n S , which are measurable parameters, and therefore provide an important mechanism for testing the validity of canonical models.
DBI Inflation
The DBI scenario is intriguing due to its potential to achieve slow roll through a low speed of sound, rather than from the conventional dynamical friction due to the expansion itself [38] . This behavior, while permitting otherwise falsified models to produce tensor-scalar ratios low enough to potentially agree with the data, also introduces significant non-Gaussianity [39] [40] [41] . Thus, the Planck limit on non-Gaussianity restricts these models and potentially permits us to distinguish between DBI inflation and other, similar scenarios. The DBI scenario postulates a Lagrangian for the inflaton φ of the form [38]
where V (φ) is an arbitrary potential, and f (φ) is the inverse brane tension. Despite being fundamentally derived from string physics, we consider the DBI scenario as a purely phenomenological model defined by the Lagrangian (2.15), where we take f (φ) to be an arbitrary free function. In this interpretation, the DBI scenario represents a special case of a larger class of inflationary models, called k-inflation, with non-canonical Lagrangians and time-dependent sound speed, first proposed by Armendariz-Picon, Damour, and Mukhanov [42] .
If we again assume a 4-dimensional FRW metric, we can write the equation of motion for the inflaton field φ as
The Lorentz factor γ varies inversely with the speed of sound c S , 17) and, for a Lagrangian like Eq. (2.15), is given by
Since the inverse sound speed γ in general varies, the horizon flow Parameters (2.8) must take the γ-dependence into account. Consequently, we now refer to the original horizon flow Parameters (2.8) as the canonical H − tower, defined in terms of γ (φ) and derivatives of H (φ), and introduce a second, modified sequence of parameters, the γ − tower, defined in terms of both H and derivatives of γ (φ) [35] :
. . .
We separate the H-tower and the γ-tower by a semicolon. Note that the γ-tower identically vanishes for c S = const. The modified parameters are related by a set of first-order flow equations analogous to (2.9) [35] ,
The Hamilton-Jacobi equation for V (φ) generalizes to
This provides the new definition of the tensor/scalar ratio,
as well as a new form for n S ,
both of which depend on the speed of sound c S , the former directly and the latter through the flow parameter s, which we assume to be slowly varying. The Planck + BICEP/Keck constraints on n S , r and f Since the equilateral non-Gaussianity is related to the sound speed c S by [39] f equil. NL = 35 108 , we see that for a given value of , the lower bound on c S introduces a corresponding lower bound on the tensor/scalar ratio r. We consider below several specific cases of non-canonical generalizations of large-field inflation models, and derive limits on observables.
Power-Law Models
We first consider the Power-Law Inflation class of models [31, 43] . This type of model is exactly solvable, although the current data rules out the canonical form. Constant inflationary parameters characterize this scenario,
Constant implies that the Hubble parameter H is exponential in N ,
Similarly, constant s implies that γ is also exponential in N ,
By fixing and s, we obtain a full solution to the system of flow equations (2.20), which provides exact solutions for the field during inflation.
The Canonical Case
For the canonical scenario, we take c S = 1 and thus s = 0, with nonzero . The solution to the canonical flow equations (2.9) for constant parameters (3.1) is
which represents the power-law fixed point in flow space [34] . Since we are working in the canonical c S = 1 case, we use equations (2.13) and (2.14) to find r and n S , which are now directly related through :
Canonical power-law inflation, then, substantially overproduces tensors, with r = 0.32 for n S = 0.96.
Generalization
Recalling the paired towers of inflationary flow parameters (Eqs. (2.19)), we note the definition of N as the number of e-folds before the end of inflation,
where we declare φ = φ 0 to be the end of inflation, defined as N (φ 0 ) = 0. (The constancy of in this model necessitates this alternate definition of the end of inflation, rather than the conventional (φ e ) = 1.) The inflationary flow parameters (2.19) are related by equations (2.20), which simplify to (2.9) when γ = 1, as the γ-tower of parameters (2.19) zeroes. In the general DBI case, we need both towers of parameters to completely specify the evolutionary dynamics [44] .
Case 1:
This is a rescaling of the canonical case, where the speed of sound remains constant while the Hubble parameter varies with time. The solution to the non-canonical flow equations (2.20) for this scenario is identical to that of the canonical case, so that the fixed point remains (3.4). Here, however, we use equations (2.22-2.25) for the observables, so that
Thus, for c S 1, tensors are suppressed relative to the canonical version of the model. We show a comparison with Planck constraints in Fig. 1. 
Case 2:
For this case, both and s are nonzero and constant, resulting in a two-parameter family of solutions to the flow equations (2.20):
Thus, the sound horizon, c S H −1 , and the Hubble length, H −1 , evolve independently. We solve for these evolutionary behaviors as functions of φ, beginning by isolating that of γ [31] . First, we write s in terms of the constant , then isolate γ, dγ 10) and integrate this equation to solve for γ(φ),
Since γ ∝ e sN , and all other terms in the above γ formula are constants, this implies that
While is strictly positive, s is not, and its sign depends on the direction of the field evolution:
which we can rewrite as
where we implicitly assume positive φ. This means that a positive s-value corresponds to φ increasing as N decreases, evolving from lower to higher φ and c S values, referred to as the infrared (IR) case. Conversely, a negative s-value represents the opposite case, where φ decreases with N , so that φ and c s evolve from higher to lower values, referred to as the ultraviolet (UV) case. We now substitute our formula for γ into the definition of from Eqs. (2.19), when we take (dH/dN > 0), consistent with the Null Energy Condition, p ≥ −ρ. Recalling that we are defining the end of inflation as occurring at some point φ 0 > 0, defined as N (φ 0 ) = 0, we can define the exact solution for φ 2 ,
Similarly, an exact analytical solution for perturbations can be derived (as shown in [31] ), showing that P (k) is an exact power law in k and providing an expression for n S ,
Constraints
We have thus found a set of constraint equations for power-law models: We combine these with the bounds given in Eq. (2.24) to determine the viability of the power law scenarios. We combine the upper bound on r with the lower bound (2.26) on c S to find an upper bound on , = r 16c S ≤ 0.0657. Now we use n S , which current data bounds from both above and below, to find a pair of inequalities relating and s, The UV and IR cases result in separate limits on observables. Since |s| ≥ 0, the second inequality gives a lower bound on , > 0.01315. (3.27) This, combined with the upper bound r < 0.066 from Planck+BICEP/Keck, results in an upper bound on c S ,
This upper bound corresponds to a lower bound on f equil. NL of about 2.84. In addition, the lower bounds on and c S also give a lower bound on r, r = 16c s ≥ 0.0132 ≈ 0.01, (3.29) so that any improved measurements on r reducing it below ≈ 0.01 will disallow all power-law UV DBI models. Any measurements that reduce f equil. NL below the 2.84 limit would also falsify these models, though we are unlikely to observationally reduce f equil. NL below 2.84 before we reduce r below 0.01. The region covered by this class of model in r − n S space is shown in Figure 3 . For |s| ≥ 0, the first inequality gives an upper bound on , ≤ 0.0225, (3.31) which means that the IR case, unlike the UV, does not have a minimum tensor-scalar ratio, and we cannot restrict it in the same way. We discuss this issue further when we consider the general slow-roll case in Sec. 5.
Isokinetic Inflation
The second class of models we consider here is the isokinetic case, characterized by constant field velocityφ. This model, which is a generalization of the V ∝ φ 2 canonical case, is not exactly solvable, but instead requires the slow roll approximation.
Canonical Case
We first take a canonical Lagrangian with a quadratic potential V (φ) = m 2 φ 2 . Since the slow-roll limit implies that H ∝ √ V , it follows that H (φ) = const., and H = 0. From equation (2.7), we haveφ ∝ H , which results inφ = const., and η ∝ H (φ) = 0. All higher order flow parameters also vanish. This leaves only one nonzero flow parameter, . As this is the canonical case, we use equations (2.13) and (2.14) to find r and n S , related through ;
which again overproduces tensors inconsistent with CMB constraints.
Non-Canonical DBI Generalization
The non-canonical generalization of this case is more complex; the addition of a non-zero s term means that the constantφ solution satisfies [32] 
so that constantφ requires η(φ) = s(φ). This result is equivalent to requiring
and we can similarly prove that [32] H (φ)
This pattern persists, relating the -th derivative of γ to the + 1-th derivative of H, so that the parameters of the H-tower relate to those of the γ-tower by
With the flow parameter bridging the two towers. By allowing nonconstant sound speed, however, we raise a problem avoided in the canonical case: variable sound speed precludes an unique solution for H(φ) [32] . Consequently, isokinetic solutions correspond to a whole class of potentials, where 6) and
where B ≡ −φ/ 2M 2 P is a constant. We must then proceed by ansatz; for large φ, we assume that the dominant term of H(φ) goes as φ p , so that H(φ) has the general form of
where µ has dimension of mass. The slow roll case, where 9) and an of 10) where φ e represents the value of φ at the end of inflation, as defined by (φ e ) ≡ 1, so that
and we can rewrite the equation for γ as
The number of e-folds, N (φ), is given by
allowing us to write as a function of N , rather than φ,
Using these values of and γ, we derive a formula for the tensor/scalar ratio r,
Furthermore, since η = s, the scalar spectral index n S depends on alone:
We eliminate the arbitrary mass scale µ included in φ e by enforcing causality, c S < 1, throughout the inflationary period. Since γ decreases monotonically with time, it will reach its minumum value at φ e , and we require this minimum to be at least 1:
This bounds the tensor/scalar ratio from above,
To put a lower bound on the tensor/scalar ratio, we must write f
equil. NL
as a function of r, p and N , rather than c S . Equations (2.17) and (2.22) establish that We invert this to find a lower bound on the tensor/scalar ratio, Fig. 4 shows the constraint from Planck+BICEP/KECK: only p-values of 1 or 2 satisfy the CMB constraint on the spectral index. The non-Gaussianity constraint places a lower bound on r of order 0.01 for all cases, so any observations that r < 0.01 will falsify this entire class of models.
The General Slow Roll Case
For comparison, we consider the general slow roll case, where the spectral index in the canonical case is determined by two slow roll parameters,
The parameters and η are in general independent: This is in contrast to the power-law case, for which η = , and the isokinetic case, for which η = 0. In the general case, it is possible to match the Planck constraint on n S for → 0 by taking η negative. This is the case, for example, in "hilltop" models of inflation [29] . Then the spectral index and the tensor/scalar ratio are parametrically decoupled, and the lower bound (2.26) does not allow us to bound r from below. Generalizing to non-canonical Lagrangians gives even more freedom, n S = 1 − 4 + 2η − 2s, (5.2) so that we are free to adjust n S to match the Planck constraint in the limit of → 0 either by η < 0 as in the case of hilltop inflation, or s > 0 as in the IR DBI models discussed in Sec. (3.3.2), or by a combination of the two.
Conclusions
In this paper, we have considered non-canonical generalizations to large-field inflation models, which generically overproduce tensors and are inconsistent with CMB constraints. Noncanonical Lagrangians are characterized by a sound speed c S < 1, which results in suppression of the tensor/scalar ratio, allowing models which overproduce tensors to be brought into agreement with current constraints. We first considered non-canonical generalizations of the Power-Law inflation scenario, which is exactly solvable in both canonical and non-canonical versions. We next considered the non-canonical generalization of the simplest "chaotic" inflation scenario with potential V (φ) = m 2 φ 2 , for which the field evolves with a nearconstant velocityφ, called "isokinetic" inflation. We found that for both of these cases, the current 2σ upper bounds on f
equil. NL
creates a lower bound on r of order 0.01, creating a narrow window of potential viability for the models. In the power-law case, the bound only applies to ultraviolet-type DBI inflation, for which the slow roll parameter s < 0, and the brane evolves toward the tip of the Klebanov-Strassler throat. The original DBI model of Silverstein and Tong, for example, is of this type, with s = −2 [38] . Other versions of the power-law DBI inflation, however, survive, in particular the infrared-type DBI models, for which s > 0 [45, 46] , and the brane evolves away from the tip of the throat. In this case, there is no lower bound on the parameter and therefore no lower bound on r, despite the lower bound on the sound speed c S .
A tensor/scalar ratio r ∼ 0.01 is within range of near-future Cosmic Microwave Background experiments, so that a lack of detection of tensor modes will not only rule out largefield models in their canonical form, but broad classes of non-canonical generalizations as well.
